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Heat generation due to plastic workIn this work, the effect of the material microstructural interface between two materials (i.e., grain bound-
ary in polycrystalls) is adopted into a thermodynamic-based higher order strain gradient plasticity frame-
work. The developed grain boundary ﬂow rule accounts for the energy storage at the grain boundary due
to the dislocation pile up as well as energy dissipation caused by the dislocation transfer through the
grain boundary. The theory is developed based on the decomposition of the thermodynamic conjugate
forces into energetic and dissipative counterparts which provides the constitutive equations to have both
energetic and dissipative gradient length scales for the grain and grain boundary. The numerical solution
for the proposed framework is also presented here within the ﬁnite element context. The material param-
eters of the gradient framework are also calibrated using an extensive set of micro-scale experimental
measurements of thin metal ﬁlms over a wide range of size and temperature of the samples.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
It is well known that there is a distinct material behavior when
the relevant sizes approach material microstructure length scales
such as strong size dependency in the plastic response of the mate-
rials (e.g., Fleck et al., 1994; Ma and Clarke, 1995; Chen et al., 2007;
Espinosa et al., 2004; Vlassak et al., 2005; Chen et al., 2007; Chen
et al., 2011). Moreover, for microstructural optimization of mate-
rial properties, plastic deformation mechanisms on the grain level
play a signiﬁcant role. A similar strengthening effect is also associ-
ated with decreasing the grain size in polycrystalline material due
to the increase in yield stress which is referred to as the Hall–Petch
effect (Hall, 1951; Petch, 1953).
Such effect in small scale metals can be described by numerous
theoretical and numerical models with different resolutions. How-
ever, over the aforementioned size scale range the number of dis-
locations is commonly so large that a continuum formulation is
required to describe deformation in an effective and computation-ally robust manner (Niordson and Hutchinson, 2003). Therefore, it
is desirable to advance the theory of continuum plasticity to ac-
count for dimensional and microstructural constraints on disloca-
tion activity in the course of plasticity deformation. The
collective term for such plasticity models are strain gradient plas-
ticity theories, which have been proposed in a number of studies
after the work of Aifantis (1984) (in the spirit of the micromorphic
approach following the earlier works of Eringen and Suhubi (1964)
and Mindlin (1964)) in order to target the aforementioned size ef-
fect. Such continuum theories of plasticity break down at scales
when the numbers of dislocations are too small for them to be
treated collectively. By increasing the resolution of the theory
(e.g., Discrete Dislocation models), individual dislocations can be
modeled incorporating other length scales than continuum
models.
The experimental observations show the strong effect of free
surfaces and interfaces on the plastic deformation in small scale
metals (e.g., the effect of surface passivation in free-standing thin
ﬁlms and grain boundary in polycrystalline). Free surfaces can be
sources for defects development and its propagation towards the
interior while internal interfaces enhance the resistance to plastic
ﬂow by blocking the dislocations (e.g., Hirth, 1972; Polcarova et al.,
1998) and giving rise to strain gradients to accommodate the GNDs
(Geometrical Necessary Dislocations). Moreover grain boundaries
may also act as sources of dislocations through the transmission
of plastic slip to the adjacent grains (Shen et al., 1988; Clark
et al., 1992; Dehosson and Pestman, 1993; Pestman and Dehosson,
1992). Apart from the aforementioned physical observations, in the
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mathematical point of view, nonstandard boundary conditions
are required at the external boundary of a region and in this way
the governing equation is well-posed. In this regard, careful mod-
eling of the interface will supply critical information in the contin-
ued development of higher-order strain gradient plasticity
theories.
In the present paper a temperature and rate dependent grain
boundary ﬂow rule to address the intermediate microscopic
boundary conditions is proposed, in the context of higher order
gradient plasticity theory allowing for the thermal variation. This
model accounts for the energy storage at the grain boundary (i.e.,
interface) due to the dislocation pile up caused by the presence
of surface energy as well as energy dissipation once the dislocation
transfer through the grain boundary as a result of both resistance
force and change in interfacial area. The paper is structured as fol-
lows. Section 2 presents a gradient plasticity theory for grain inte-
rior based on a system of microscopic force balances, derived from
the principle of virtual power and a thermo-mechanical version of
the second law that includes, work performed during plastic ﬂow,
and the heat generation due to the plastic work via the energy bal-
ance relation. When combined with thermodynamically consistent
constitutive relations the microscopic force balances become non-
local ﬂow rules in the form of partial differential equations requir-
ing boundary conditions. A rate and temperature dependent grain
boundary ﬂow rule is also developed which accounts for the ener-
getic state of a plastically strained boundary along with boundary
resistance against the plastic strain (i.e., macroscopic measure of
slip) transfer. The elaborated details regarding the grain boundary
model are presented in Section 3. The free energy and dissipation
potentials for the grain and grain boundary are postulated based
on micro-mechanical point of views. It is further shown that the
backstress and hence kinematic hardening of the grain and grain
boundary naturally arise from the free energy potential along with
the physical justiﬁcation by means of dislocation mechanisms. Sec-
tion 4 provides a physical justiﬁcation regarding the proposed
grain boundary ﬂow rule which can be taken into account in order
to make a link between the proposed grain boundary model
parameters and the nanoindentation observations conducted near
the grain boundary. In Section 5, results of the numerical calcula-
tions are presented using ﬁnite element implementation of the
proposed framework. Particularly, the size effect due to the bulk
and interfacial length scale as well as the effect of other parameters
on the mechanical and thermal responses of the materials are
extensively investigated. The proposed model is then validated
over a set of microscale experimental data on thin metal ﬁlms pre-
senting size effect and initial temperature.2. Strain gradient plasticity framework: bulk (grain interior)
In the following formulation, tensors are represented only by
lower case subscripts i, j, k and l. All other subscripts and super-
scripts do not represent tensors but only identify speciﬁc functions
or variables. However, as an example subscripts such as en, dis, int,
ex, etc. signify speciﬁc quantities respectively such as energetic, dis-
sipative, internal, external, etc.4 The classical theory of isotropic plastic solids undergoing small deformations is
based on the additive decomposition of the strain, eij , into elastic, eeij , and plastic parts
epij , such as: eij ¼ eeij þ epij .
5 Depending on applied load (tension or compression), the plastic strain can
increase or decrease. However, in the current formulation, p is represented as
magnitude of the plastic strain (square root of plastic strain) and consequently it wil
never decrease in case of tension followed by compression.
6 The examples of such micro-free and micro-clamped boundary conditions can be
found in thin ﬁlms with unpassivated and passivated surfaces (e.g. Xiang et al., 2005)2.1. Principle of virtual power: macroscopic and microscopic force
balances
The principle of virtual power is used to determine the associ-
ated balance of the forces that contribute to the power expended
within the body as well as the appropriate forms of the ﬁrst two
laws of thermodynamics. In this regard, with accounting for the
gradient of plastic-strain rate, the structure of the internal virtualpower, Pint , is expressed in terms of the energy contribution in
the arbitrary subregion of the body, V , as shown in the expression
below (i.e., Fleck and Hutchinson, 2001; Fleck and Willis, 2009a):
Pint ¼
Z
V
ðrij _eeij þR _pþQk _p;kÞdV ð1Þ
where rij is the Cauchy stress tensor, eeij is elastic strain tensor,
4 and
R and Qk are the microforces conjugate to the rate of accumulated
plastic strain ð _p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_epij _e
p
ij
q
Þ5 and rate of plastic strain gradient, _p;k.
The internal power is balanced by the power expended by trac-
tion ti on the external surface, S, and an external body force bi act-
ing within V to account for the inertia. External virtual power is
then expressed for any virtual velocity _ui as:
Pext ¼
Z
V
ðbi _uiÞdV þ
Z
S
ðti _ui þm _pÞdS ð2Þ
In order to account for the microscopic boundary conditions
that arise from the strain gradient, it is further assumed here that
the external power is affected by the microtraction m that is the
conjugate force of the accumulated plastic strain.
By equating the external power to the internal power (i.e.,
Pext ¼ Pint) and factoring the common terms out, the following
relation for local macroforce equilibrium and nonlocal microforce
balance can be expressed respectively for volume V:
rij;j þ bi ¼ 0 ð3Þ
sij  ðRQk;kÞNpij ¼ 0 ð4Þ
where sij ¼ rij  rkkdij=3 is the deviatoric component of the Cauchy
stress tensor (dij is the Kronecker delta). The higher-order boundary
conditions are required at the external boundary of a region in
which plastic ﬂow occurs as well as at the internal boundary of
the plastic region. On the external surface, S, the equations for local
traction force and nonlocal microtraction condition can be given as
follows:
tj ¼ rijni ð5Þ
m ¼ Qknk ð6Þ
where nk denotes the outward unit normal to S.
The microscopic boundary conditions in Eq. (6) are related to
the interfacial energy at the free surfaces (e.g., the surface of a free-
standing thin ﬁlm, the free surface of a void) or interfaces (e.g., the
ﬁlm–substrate interface, grain boundaries, inclusion interface).
This interfacial energy introduces an interfacial resistance against
dislocation emission/transmission.
The simple class of boundary conditions for these ﬁelds on a
prescribed subsurface S are: (i) microfree condition where disloca-
tions are free in movement across the boundary m ¼ 0 and (ii)
microclamped condition where dislocations are completely blocked
at the boundary pI ¼ 0. According to the notion of Gurtin (e.g.,
Cermelli and Gurtin, 2002), satisfying the insulation condition im-
plies either a micro-free boundary condition imposed at external
free surfaces or a micro-clamped boundary condition imposed on
the internal boundaries. However, those null boundary conditions
of a microscopically rigid interface or a microscopically free surface
are very difﬁcult to be satisﬁed in reality,6 particularly, for large,
l
.
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boundary in polycrystals) conditions at the internal surface, SI , may
be identiﬁed. These conditions usually do not vary at a given inter-
face with the mechanical loading, and are motivated from the phys-
ical understanding of the dislocation mechanics at the interface
between the two phases. More information regarding the choices
of these intermediate microscopic boundary conditions along with
the thermodynamic formulation are provided in Section 3.
2.2. Thermodynamic derivations: Clausius Duhem inequality
The ﬁrst two laws of thermodynamics for a continuum are ta-
ken into account to develop a thermodynamically consistent for-
mulation. In order to account for the presence of GNDs on
mechanical responses of the small scales metallic compounds, gra-
dient of the plastic strain is also included into the formation.
Therefore, the nonlocal free-energy (i.e., Clausius–Duhem) inequal-
ity can be expressed as:
rij _eeij þR _pþQk _p;k  q _W qs _T  qi
T ;i
T
 
P 0 ð7Þ
where q is the mass density, T is the temperature, and s is the spe-
ciﬁc entropy.
By considering the Helmholtz free energy, W, to be smooth
function of strains and temperature, one can then retrieve the def-
initions of the energetic part of the thermodynamic forces7 as
follows:
rij ¼ q @W
@eeij
; s ¼  @W
@T
; Ren ¼ q @W
@p
; Qenk ¼ q
@W
@p;k
ð8Þ
Hence the residual respective dissipation is then obtained as:
D ¼ Rdis _pþQdisk _p;k 
qi
T
T ;i P 0 ð9Þ
where D is the dissipation density per unit time.
Therefore the deﬁnition of the dissipative thermodynamic
forces can then be obtained from the complementary part of dissi-
pation potential, such as:
Rdis ¼ @D
@ _p
; Qdisk ¼
@D
@ _p;k
;  qi
T
¼ @D
@T ;i
ð10Þ2.3. Constitutive relations for the admissible potentials:
In this work, one postulates the following general deﬁnition of
the free energy:
Wðeeij; p;p;k; TÞ ¼
1
2q
eeijEijkle
e
kl 
1
2
ce
Tr
ðT  TrÞ2 þWd ð11Þ
where Eijkl is the fourth order elastic tensor, ce is the speciﬁc heat
capacity at constant stress. Considering Tr > 0 being a constant va-
lue of the temperature at the reference conﬁguration (reference
temperature) and linearizing the theory around Tr , the above qua-
dratic potential for thermal energy function8 can be postulated.7 it is further assumed that the microstresses R and Qk admit the decomposition
into energetic and dissipative components such as: R ¼ Ren þRdis;Qk ¼ Qenk þQdisk .
8 Since the main purpose of the current framework is to account for the thermal
variation, the thermal terms are included in the free energy. It is worth mentioning
that the Helmholtz free energy is at its minimum in a stable equilibrium state with
respect to any isothermal small geometrically admissible virtual displacement ﬁeld. In
this regard, different counterparts of W are locally convex functions of strain (e.g.
elastic strain; plastic strain; plastic strain gradient) at all points of the body in the
considered equilibrium state. However, W is a concave function of temperature. This
can be proven by deriving the relation between the second-order variations of W and
e using the variational procedures (Lubarda, 2008).Wd is termed the defect energy, and it is assumed to have the follow-
ing standard form:
Wdðp;p;k; TÞ ¼
1
q
hprþ1
r þ 1 1
T
TY
 n 
þ G
1þ a ð‘
2
enðp;kp;kÞÞ
aþ1
2
 !
ð12Þ
The ﬁrst term in the above relation characterizes the interaction
between slip systems (i.e., the forest dislocations leading to isotro-
pic hardening).9
The second term in the defect energy characterizes the short-
range interactions between coupling dislocations moving on close
slip planes, the so called core energy of GNDs. Viewing the plastic
strain gradient as a macroscopic measure of GNDs density, this en-
ergy is postulated as a function of p;k. Moreover, ‘en is the so called
energetic length scale that characterizes the short-range interac-
tion of GNDs and also allows the relation to make it dimensionally
consistent. In Eq. (12), G is the shear modulus in the case of isotro-
pic linear elasticity, and a governs the nonlinearity of the gradient
dependent defect energy (Bardella, 2010) where the a > 0 ensures
the convexity of the defect energy. It should be noted that this en-
ergy is temperature independent since it is related to the energy
carried by dislocations (and therefore is energetic in nature).
By deﬁning the various counterparts involved in the free en-
ergy, one can retrieve the energetic thermodynamic forces using
Eq. (8). In this regard, the Cauchy stress tensor, entropy, and the
energetic counter part of the strain gradient conjugate microforce
are expressed such as:
rij ¼ q @W
@eeij
¼ Eijkleekl ð13Þ
s ¼ ce
Tr
ðT  TrÞ þ hqðr þ 1Þ
n
TY
T
TY
 n1 !
prþ1 ð14Þ
Ren ¼ h 1 T
TY
 n 
pr ð15Þ
Qenk ¼ G‘2en ‘2enðp;mp;mÞ
 a1
2 p;k ð16Þ
As discussed earlier, energetic-dissipative decomposition of the
thermodynamic conjugate forces results in the predication of en-
ergy dissipation rate. One can consider a relation for the dissipa-
tion that is separable in the sense that:
D ¼ Y
2 _p
_p2 þ Y
2 _p
‘2dis _p;k _p;k
 
_p
_p0
 m
1 T
TY
 n 
 1
2
k
T
T ;iT ;i P 0
ð17Þ
where Y is a material constant accounting for the macroscale mea-
surement of the initial slip resistance (i.e., yield strength), h and r
are the hardening material constants (0 < r < 1), ‘dis is the dissipa-
tive length scale (i.e., corresponding to dissipative effects associated
with the gradient of the strain rate), and k is the thermal conductiv-
ity coefﬁcient. The rate dependency of the energy dissipations due
to the mechanical effect are governed by ð _p= _p0Þm where _p0 and m
are non-negative material parameters. Also the effective nonlocal
ﬂow rate, _p, is deﬁned as a function of plastic strain rate and its gra-
dient as well as the dissipative length scale as follows (e.g., Gurtin
et al., 2007):
_p ¼ ½ð _pÞl þ ð‘2dis _p;k _p;kÞ
l=2
1=l
ð18Þ
The source of dissipative energy, in the plastic deformation, can9 The dependency of this energy to p;k is neglected.
10 Due to the high strain rates and short duration of the loading, heat loss through
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resistance to dislocation motion, and increases in the yield
strength due to size effects (Voyiadjis and Deliktas, 2009). Further-
more, this energy can be affected by the rate of deformation and
temperature through the change in the lattice friction stress (e.g.,
thermal energy facilitates the dislocation glide and leads to higher
dislocation mobility).
Using the above dissipation potentials along with Eq. (10), the
following constitutive relations are then obtained for the dissipa-
tive microstresses:
Rdis ¼ Y _p
_p0
 m
1 T
TY
 n  _p
_p
ð19Þ
Qdisk ¼ Y‘2dis
_p
_p0
 m
1 T
TY
 n  _p;k
_p
ð20Þ
qi ¼ kT ;i ð21Þ
Moreover, as it was previously mentioned, Ren accounts for the
isotropic (nonlinear) hardening of the equation which is dissipative
in nature. In other words, this energetically based hardening rule
mimics the dissipative behavior by describing the loading pro-
cesses that are irreversible (Gurtin and Reddy, 2009). Thus, the
effective dissipation for the framework presented here can be de-
ﬁned via the following relation:
Deff ¼ R _pþQdisk _p;k 
1
2
k
T
T ;iT ;i ð22Þ
2.4. Bulk (grain interior) ﬂow rule:
After determining the constitutive relations for the microforces,
the nonlocal microforce balance, Eq. (3)2, can be used to derive the
ﬂow rule. Since Qenk;k represents a backstress, one may rewrite the
microforce equilibrium relation as:
sij  ðQenk;kÞNpij ¼ ðR Qdisk;kÞNpij ð23Þ
Therefore, by substituting Eqs. (15), (19), and (20) into the non-
local ﬂow rule, a second-order partial differential equation for the
accumulated plastic strain is obtained such as:
sij  aG‘2enð‘2enðp;mp;mÞÞ
a1
2 p;kk
 
Npij
¼ 1 T
TY
 n 
hpr þ Y _p
_p0
 m _p
_p
 !
 Y‘2dis
_p
_p0
 m _p;kk
_p
 !" #
Npij
ð24Þ
2.5. Thermodynamic derivations: balance law
The statement of energy balance (the ﬁrst law of thermodynam-
ics) is taken into account as an equation governing the evolution of
the temperature ﬁeld. As such, it involves the terms representing
heating due to thermo-mechanical coupling and inelastic dissipa-
tion. The equation of the conservation of energy, is postulated for
the current work such as:
qe ¼ rij _eeij þR _pþQk _p;k  qi;i  _AT ð25Þ
where e is the internal energy and the thermo-plastic coupling can
be obtained by:
_A ¼ hpr n
TY
T
TY
 n1 !
_pþ hp
rþ1
r þ 1
n2  n
ðTYÞ2
T
TY
 n !
_T ð26Þ
Following the manipulations previously conducted on the en-
tropy production (Eqs. (7)–(9)), one can write the following rela-
tion for the evolution of entropy:
q _sT ¼ Deff ð27ÞThe temperature evolution can then be derived by solving the
entropy rate using Eq. (14) such as:
qce _T ¼ R _pþQdisk _p;k þ
1
2
k
T
T ;iT ;i ð28Þ
As it is shown in Eq. (28), the evolution of temperature involves
the rate of change in energy due to the non-recoverable mechani-
cal processes, and heat conduction. It is noteworthy to mention
that by including the individual effect of temperature on the en-
ergy dissipation and temperature gradient on the stored energy,
the classical heat conduction term in this equation is generalized
to the microscale heat equation be means of the two additional
lagging times (Voyiadjis and Faghihi, 2012).
The rate of temperature can be expressed as follows after
substituting the constitutive relations of the microstresses in the
absence of heat source and by assuming the adiabatic condition10:
_T ¼ Y
qce _p
_p _pþ ‘2dis _p;k _p;k
	 
 _p
_p0
 m
1 T
TY
 n 
þ h
qce
1 T
TY
 n 
pr  n
TY
T
TY
 n1 !
prT
" #
_p h
qce
 p
rþ1
r þ 1
n2  n
ðTY Þ2
T
TY
 n !
_TT ð29Þ3. Microscopic boundary conditions: interface (grain boundary)
The experimental observations on slip transmission motivate
one to assume that the effect of surface/interfacial energy and
the global nonlocal energy residual should be non-vanishing.
Examples can be found from the in situ TEM direct observations
(e.g., Lee et al., 1989, 1990) or using the GNDs concept in the
description of observations in bicrystallines (e.g., Sun et al., 2000)
and nanoindentation tests close to the grain boundary (e.g., Wang
and Ngan, 2004; Soer and De Hosson, 2005; Britton et al., 2009).
This results in a new type of boundary condition – in the context
of strain gradient plasticity – accounting for the surface resistance
to the slip transfer due to the grain boundary misalignment (see
e.g., Cermelli and Gurtin, 2002; Gudmundson, 2004; Gurtin and
Needleman, 2005;Gurtin, 2008; Aifantis andWillis, 2006; Fredriks-
son and Gudmundson, 2007; Fleck and Willis, 2009a for the strain
gradient theories considering the interfacial energy). Moreover,
motivated from the nanoindentation experiments on polycrystal-
lines for various temperatures and strain rates (e.g., see Voyiadjis
and Faghihi, 2011; Faghihi and Voyiadjis, 2012 and the references
there in), a model for the grain boundary is generalized here to ac-
count for the temperature and strain rate.
It should be noted that while this model can be also interpreted
to address the interfaces in general cases (e.g., thin ﬁlm-substrate),
it is, however, more realistic for the grain boundary of polycrystal-
lines down to ultraﬁne grain sizes (d > 100 nm). The other mecha-
nisms such as sliding and separation at the interface might be
involved (i.e., and more pronounced) in the nanocrystallines and
thin ﬁlm-substrate interface which are not addressed here.
3.1. Kinematics and surface Nye’s tensor of grain boundary
Consider a grain boundary separating grains A and B and let nIk
denotes the unit normal ﬁeld on the grain boundary surface direc-
ted outward from grain A (Fig. 1). It is assumed here that the dis-
placement ﬁeld is continuous (i.e., uAi ¼ uBi ) while there is a jumpconduction, convection, or radiation is neglected in comparison to the thermoplastic
heating, and therefore qi;i ¼ 0.
Fig. 1. Schematic illustration of grain boundary separating grains A and B along
with single slip system at each grain and the misalignment angles.
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pB
i;j ) across the grain boundary
due to the variation of dislocation slips and Schmidt tensors –
which is derived from the tensor product of slip directions and slip
planes – at both sides of the grain boundary.
The Burgers vector of the residual dislocation, bIi , corresponding
to any inﬁnitesimal circuit CI is given by (Gurtin, 2008):bIi ¼ upAi;j dxj  upBi;j dxj ¼ ððupBi;j  upAi;j ÞejklnIkÞðemlsnImdxsÞ ð30Þwhere xi and dxi are arbitrary points on the grain boundary and
arbitrary line element tangent to the grain boundary. In the above
relation, eijknIjdxk represents a normal to the ‘‘surface element’’
bounded by CI . The creation of the residual grain boundary disloca-
tion allows the ejection of a dislocation into the grain. The Burgers
vector of the residual dislocation is deﬁned as the difference be-
tween the Burgers vectors of the incoming and outgoing disloca-
tions. According to Lee et al. (1989), the grain boundary with
higher magnitude of the residual Burgers vector has more resis-
tance to the slip transfer.
Since dxj on the grain boundary surface is arbitrary chosen, one
can then write the Burgers-vector density of the grain boundary
per unit length as:aIil ¼ ðupBi;j  upAi;j ÞejklnIk where aIijnIj ¼ 0 ð31Þwhere aIij is termed the grain boundary Nye’s tensor (referred to the
grain boundary Burgers tensor by Gurtin and Needleman (2005)
and Gurtin (2008). In the above expression, the two terms
ðupBi;j  upAi;j Þ and ejklnIk stand for the relative misorientation of the
grains and the orientation of the grain boundary relative to each
grain respectively. Also the condition _aIij ¼ 0 (i.e.,
_aIil ¼ _upBi;j ejklnIk  _upAi;j ejklnIk) represents a balanced Burgers-vector ﬂow
in which the ﬂow out of one grain is equal to the ﬂow into the other
one.
The goal of the current research work is to develop a continuum
based on the microscopic behavior of the interface consistent with
the gradient plasticity presented in Section 2. In this regard, the
accumulated plastic strain pI and plastic strain rate _pI at each side
of the grain boundary, are viewed as a macroscopic illustration of
the tensors aIij and _aIij resolved on the Schmidt-orientation tensor
in each grain11. This results in a simpler ﬂow rule for the grain
boundary (suitable for application purposes) which its material
parameters can be determined by means of the conventional mi-
cro-scale experiments.11 Gurtin, 2008) - Eq. (3.14), p. 647.3.2. Virtual power at the grain boundary:
As in the theory for the grain interior presented in Section 2, the
principle of virtual power is used here to derive the microforce bal-
ance of the grain boundary. One assumes an arbitrary subsurface of
the grain boundary of inﬁnitesimal thickness, SI . Considering the
effect of the grain boundary surface energy that depends on the
plastic strain rate at the each side of the plastically deforming
phase, one can postulate the grain boundary internal power as
(e.g., Cermelli and Gurtin, 2002; Gudmundson, 2004; Gurtin,
2008):
PIint ¼
Z
SI
ðMIA _pIA þMIB _pIBÞdSI ð32Þ
whereMIA andMIB are the internal microforces that expend power
over the interfacial plastic strain rates (i.e., _pIA and _pIB respectively).
The superscripts A and B are used to differentiate the interfacial
plastic strain and conjugate higher order stresses at the SIA and SIB
respectively. In this regard, discontinuity (i.e., jump) of the plastic
strain over the interface is included into the model.
The net power expended externally on the grain boundary can
be expressed as:
PIext ¼
Z
SI
½ðrBijnIj  rAijnIjÞ _ui þ ðQBknIkÞ _pIB  ðQAknIkÞ _pIAdSI ð33Þ
This external power is the result of macrotractions rBijnIk and
rAijðnIkÞ and microtractions QBknIk and QAkðnIkÞ – the special cases
of Eq. (5) for the grain boundary internal surface – exerted by
the stresses rij and Qk on the grain boundary. A consideration of
arbitrary variations of the plastic strains at the grain boundary de-
ﬁnes the interfacial macro- and micro-force balance conditions
such as:
ðrAij  rBijÞnIj ¼ 0 ð34Þ
MIA þQAknIk ¼ 0 ð35Þ
MIB QBknIk ¼ 0 ð36Þ
The balance presented in Eqs. (35) and (36), couple the behavior
in bulk at the grain boundary (i.e., termed by the moment tractions
QAknIk and QBknIk) to the behavior of the grain boundary (i.e., de-
scribed by the internal microstressesMIA andMIB).
3.3. Grain boundary constitutive relations: free energy and dissipation
potentials
The same relations as the ones used to derive the constitutive
model for the single crystal are utilized here. One may start from
the condition for a non-negative dissipation at the interface be-
tween two phases such as:
MI _pI  e I P 0 ð37Þ
where eI and TI are the internal surface density and plastic strain at
the grain boundary. MI is the microtraction which can be MIA or
MIB for sides A and B of surface SI respectively. Therefore, the inter-
facial Clausius–Duhem inequality can be retrieved as:
MI _pI  _WI P 0 ð38Þ
In order to preserve the positive value of the dissipation, the
above inequality can be reduced to the following expression by
assuming the interfacial Helmholtz free energy per unit surface
area as WI ¼ WIðpIÞ:
MI _pI  @W
I
@pI
_pI P 0 ð39Þ
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mits the decomposition into energetic and dissipative components
such as:
MI ¼MIen þMIdis ð40Þ
One can then relate the energetic part of the microtraction to
the interfacial energy per unit surface area by (Gurtin and Mur-
doch, 1976; Gurtin and Murdoch, 1978):
MIen ¼ @W
I
@pI
ð41Þ
Hence, the condition of non-negative residual interfacial dissi-
pation is then expressed as:
DI ¼MIdis _pI P 0 ð42Þ
The deﬁnition of the dissipative interfacial force can be re-
trieved such that:
MIdis ¼ @D
I
@ _pI
ð43Þ
The interfacial constitutive law satisﬁes Eq. (42) ifMIdis are re-
lated to a convex dissipation potential of _pI . Following Gudmund-
son (2004) and Fleck and Hutchinson (1997), it is assumed here
that the plastic dissipation depends upon effective strain rates de-
rived from quadratic form within SI . In the following section the
choice of free energy and dissipation potential for grain boundary
along with their physical justiﬁcations is presented.
3.3.1. Grain boundary free energy and dissipation functions
It is known that, in the initial stages of plastic deformation the
grain boundary acts as a barrier to plastic strain, while in later
stages the interface acts as a source or sink for dislocations. The
long-range stress ﬁelds associated with constrained plastic ﬂow
leading to the dislocation accumulation and pile-up against a grain
boundary will inﬂuence the energetic state in a region around the
interface. The state at the grain boundary – which results in back-
stresses at a dislocation pile-up near a grain boundary – may be
presented by a surface energy that is governed by the plastic strain
state at both sides of the interface.
Fredriksson and Gudmundson (2005a, 2007) suggested a gen-
eral power law form for the surface energy. Following their work,
the constitutive relation for the Helmholtz free energy per unit sur-
face area of the grain boundary can be postulated as follows:
WIðpIÞ ¼ 1
aI þ 1 ‘
I
enGðpIeÞ
aIþ1 ð44Þ
where ‘Ien is termed the interfacial energetic length scale, p
Ie is the
plastic strain at the interface prior to the slip transfer, and aI is a po-
sitive material constant where the range 0 6 aI 6 1 seems to be
more realistic. It is should be noted that while the other mathemat-
ical form for the convex surface energy with respect to pI is possible,
the above simple relation is considered here since it qualitatively
agrees with the theoretical and experimental observations. For
example, Fredriksson and Gudmundson (2007) compared Eq. (44)
with the expression suggested by Shockley and Read (1949) and
Read and Shockley, 1950) for the interfacial energy of the low-angle
tilt boundary and concluded that for the case of for aI ¼ 0, both rela-
tions show the same trend. They also derived a micromechanically
based expression for ‘Ien as a function of Burgers vector, dislocation
core radios and the misorientation angle for the low-angle tilt grain
boundary. However, it is not clear to the authors that the value ob-
tained from this expression is valid and more studies are required to
identify the physical nature of the energetic interfacial length scale.
Fleck and Willis (2009a) argued that the change in internal en-
ergy due to the local effect of grain boundary is negligible com-
pared with the energy dissipation (i.e., WI  0). They consideredtwo extreme views of dislocation arrangement at the grain bound-
ary of single slip within one grain and with (i) no slip; and (ii) dou-
ble slip; within the adjacent grain. In the ﬁrst case, their argument
relies on that the change in the core energy of dislocations when
they enter the grain boundary lead to a negligible free energy of
the solid. However, this has a pronounced effect on the macro-
scopic dissipative strengthening which is characterized by the
jump in plastic strain. In the case of double slip the boundary state
of disorder changes, even though the surface Nye tensor vanishes
(i.e., aIij ¼ 0 due to the no jump in plastic strain). The authors rea-
soning that since the following dislocations coming across the
grain boundary, experience the local interactions with the existing
dislocations, the major effect is therefore strengthening than the
change in the free energy. In other words, according to Fleck and
Willis (2009a), the long range back-stresses at a dislocation pile
up near a grain boundary is already accounted for in the crystal
plasticity calculation and the additional back-stress is insigniﬁcant.
This argument will be investigated in the current research work
using the experimental observations.
The deﬁnitions of the energetic interfacial forces can then be re-
trieved by substituting Eq. (44) into Eq. (41) such as:
MIen ¼ ‘IenGðpIeÞ
aI ð45Þ
SinceMIen is due to the recoverable stored energy, it is indepen-
dent of plastic strain (i.e., dislocation slip) rate and temperature
and represents the backstress.
In addition to the aforementioned stored energy due to disloca-
tion pile up, two major factors might be identiﬁed affecting the en-
ergy dissipation once the dislocations move in the grain boundary
region (Aifantis and Willis, 2005, 2006; Aifantis and Ngan, 2007).
When dislocations encounter a grain boundary they pile up there
and slip can transmit to the adjacent grain only when the stress
ﬁeld ahead of the pileup is high enough. Direct observation of
the process using transmission electron microscopy (TEM) also
shows that the main mechanisms for the aforementioned slip
transmission are the dislocation absorption and re-emission (for
the low angle boundaries Soer et al., 2005) and the dislocation
nucleation in the adjacent grain (for the high angle boundaries
Ohmura et al., 2004). As soon as deformation initiates in the adja-
cent grain the interface begins to deform and the plastic strain on
the interface increases.
The energy associated with the deformation of the interface in
this case is taken to be mainly due to the energy dissipation as dis-
locations move in the interface region. In addition to considering
the resistance force to dislocation motion being temperature and
rate dependent, this energy dissipation can be taken as a linear
function of interfacial plastic strain.
Moreover, change in the interfacial area can also affect the en-
ergy dissipation. The macroscopic accumulated plastic strain at
the grain boundary, pI , can be related to the microscopically defor-
mation of the interface through the root-mean-square of the gradi-
ent of this deformation. Moreover, the energy change after the
grain boundary has yielded (i.e., onset of slip transmission) can
be approximated by a quadratic function of the aforementioned
displacement gradient (at micro-scale) and hence the interfacial
plastic strain (at macro-scale).
Combining both aforementioned mechanisms (i.e., change in
the interfacial area and deformation of the grain boundary due to
the dislocation movement) involved in the energy dissipation
due to the plastic strain (i.e., dislocation slip) transfer across the
grain boundary, one can postulate the following generalized
expression for the interfacial dissipation potential:
DI ¼ ‘
I
disYI
mI þ 1
_pIp
_pI0
 mI
1 T
I
TY
 !nI
_pIp P 0 ð46Þ
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interface, pIp is the plastic strain at the interface after the slip trans-
fer, and ‘Idis is the interfacial dissipative length scale. The term
ð _pIp= _pI0Þm
I
includes the rate dependency to the interfacial behavior
through a simple power law, where _pI0 and m
I are viscous related
parameters. It should be noted that any smooth function of interfa-
cial plastic strain rate that is strictly positive and vanishes when
_pI ¼ 0 can be also taken into account to address the rate depen-
dency. The temperature-dependency of the interfacial energy, is
also provided here using the function ð1 TI=TIY Þ
nI
, where TIY is
the bulk scale-independent temperature at the onset of yield and
0 6 nI < 1 is the thermal exponent (Abu Al-Rub and Faruk, 2011).
This implies that the interfacial energy decreases as the tempera-
ture increases and when TI ¼ TIY , the interface behaves like a free
surface with zero interfacial energy.12 The functional dependence
of the interfacial energy is analogous to that proposed by Cahn and
Hilliard (1958, 1959) for heterogeneous domains in which TIY is
interpreted as the critical temperature at which the thickness of
the interface becomes inﬁnite.
It is known that the grain boundaries in polycrystallines act as
strong obstacles to dislocation motion at low temperature, while,
at high temperatures, the grain boundaries function as sites of
weakness and grain boundary sliding may occur leading to plastic
ﬂow or opening up voids along the boundaries (Meyers and Chawla
(2009). In this regard, and as a ﬁrst guess, one may assume the
interfacial yield temperature as a fraction of the material melting
point, Tm, such that TY ¼ kITm where according to Chung (2007)
one has 0:3 < kI < 0:6. However, this argument needs to be veriﬁed
through experimental measurements for extracting the thermo-
mechanical properties of the interfaces. The grain boundary weak-
ening phenomena is discussed in the following paper through a
numerical example.
Concerning the aforementioned mechanisms for the dissipation
of energy through grain boundary, YI can be expressed by the fol-
lowing relation:
YI ¼ YI þ hIpIp ð47Þ
where YI is a constant interfacial yield stress characterizing the
stress at which the interface starts to deform plastically (i.e., one
set of slip transmission) and hI is termed interfacial hardening
describing the ease of plastic strain (i.e., dislocation slip) transmis-
sion through the grain boundary.
The concept of an interface energy that depends on the plastic
strain state at the interface is adopted from the model for the grain
boundary proposed by Aifantis and Willis (2005, 2006). They con-
sidered grain boundaries as the surface contribution to the strain
energy that depends on the plastic strain at the interface. It was as-
sumed that the plastic strains were continuous over the interface
whereas a jump in conjugate higher-order stresses allowed signif-
icant size effects to be obtained. A distinctive feature of their for-
mulation is that grain boundary does not yield with the rest of
the material, but follows its own yield behavior (i.e., YI : the stress
at which dislocations begin crossing the interface and hIpI: grain
boundary allows to harden at the post slip transmission stage).
It should be noted that for an elastic–plastic interface (e.g., thin
ﬁlm on an elastic substrate), the condition of a continuous plastic
strain assumed by Aifantis and Willis (2005, 2006) would imply
a vanishing plastic strain at the interface, since no plastic strain
on the elastic side of the interface can exist. This fault in the plastic
strain continuity at the interface has been pointed out ﬁrst by Fred-
riksson and Gudmundson (2007). However, Gudmundson (2004)12 Corresponding to the condition that dislocations are nucleated within the bulk
and did not reach the interface yet.recognized that gradient plasticity permitted the admission of a
jump in plastic strain across interfaces. In this sense, their model
can be recognized in the same class of the interface models pro-
posed by Gurtin and his co-workers (Cermelli and Gurtin, 2002;
Gurtin and Needleman, 2005; Gurtin, 2008) and Fleck and his co-
workers (Borg and Fleck, 2007; Fleck and Willis, 2009a,b).
It is worth mentioning that both models developed by Cermelli
and Gurtin (2002) and Gurtin and Needleman (2005) account for
the dissipative mechanisms of the grain boundary which is consis-
tent with the notion of Willis and his co-wrokers (Aifantis andWil-
lis, 2005; Aifantis and Willis, 2006; Aifantis et al., 2006; Fleck and
Willis, 2009a,b). On the other hand, Gudmundson and his co-
wrokers (Fredriksson and Gudmundson, 2007; Fredriksson and
Gudmundson, 2005a; Gudmundson, 2004) proposed two types of
interface models: (i) that plastic work at the interface is completely
stored as a surface energy and no dissipation occurs due to plastic-
ity at the interface; (ii) the plastic work is completely dissipated
with no buildup of a surface energy. However, the grain boundary
ﬂow rules proposed by Gurtin (2008), based on crystal plasticity
include both energetic and dissipative counterparts and account
for the relative misorientation of the grains and the orientation
of the grain boundary.
The theory presented here is developed based on the aforemen-
tioned argument as well as the experimental observation of the
nanoindentation near the grain boundary (Soer and De Hosson,
2005; Wang and Ngan, 2004), Hall–Petch effect (e.g., Aifantis and
Konstantinidis, 2009; Nieh and Wang, 2005), the effect of surface
passivation of Bauschinger effect in thin ﬁlm (Xiang and Vlassak,
2005; Xiang and Vlassak, 2006), and behavior of bicrystallines
(e.g., Sun et al., 2000). Therefore the present model accounts for
the plastic strain discontinuity at the grain boundary, rate and
temperature effect on yield-like slip transmission, and the back-
stress due to dislocation pile ups at the grain boundary. Initial at-
tempts are also made here to determine the material parameters of
the model using the existing experiments. However, more theoret-
ical and experimental studies are required in this direction along
with a possible simpliﬁcation for application purposes.
The interfacial dissipative microstress is then obtained by
substituting Eq. (46) into Eq. (41) as follows:
MIdis ¼ ‘Idis½YI þ hIpIp 1
TI
TY
 !nI
_pIp
_pI0
 mI
ð48Þ
As it is explained earlier,MIen andMIdis denotes the mechanism
for the pre and post plastic strain (i.e., dislocation slip) transfer and
dependents on the portion of the plastic strain at the interface (i.e.,
pIe and pIp respectively where the overall plastic strain at the grain
boundary can be expressed as pI ¼ pIe þ pIp). Thus, it is convenient
to deﬁne the interfacial plastic stain at one set of slip transfer, pIy
such as:
pIY ¼
‘IdisY
I
‘IenG
1 T
I
TY
 !nI
_pIp
_pI0
 mI0@
1
Aa
I
ð49Þ
Therefore microtraction stresses for the grain boundary can be
expressed in term of pI as follows:
MI ¼ ‘IenGðpI  pI  pIY Þ
aI þ ‘IdishIhpI  pIYi 1
TI
TY
 !nI
_pI
_pI0
 mI
ð50Þ
where the Macaulay brackets hi are used to describe the ramp
function such as: x ¼ x for x > 0 and x ¼ 0 for x 6 0.
It will be physically explained in the following section that the
interfacial yield condition expressed in the above equation ac-
counts for three different mechanisms: (i) additional strength
due to the pile up at the grain boundary when it is impermeable
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matic hardening); (ii) required stress at the interface at onset of
dislocation transmission (characterized by YI); and (iii) the rate
of relieving the pile up induced backstress characterized by hI lead-
ing to isotropic hardening. Moreover, Eq. (50) conﬁrms that if
‘Ien ¼ ‘Idis ¼ 0, the grain boundary would act like a free surface
(i.e., micro-free boundary condition) while ‘Ien !1 and ‘Idis !1
would denote a micro-clamped boundary condition. It should be
noted that by setting the ‘Ien ¼ 0 in the above equation one can re-
trieve an interfacial model such as the one suggested by Aifantis
and Willis (2006) while Eq. (50) reduces to the model proposed
by Fredriksson and Gudmundson (2005a) when the dissipative
counterpart vanishes (i.e., ‘Idis ¼ 0).
3.3.2. Grain boundary ﬂow rule:
After determining the constitutive relations for the microtrac-
tion, the nonlocal microforce balances, Eqs. (35) and (36), can be
used to derive the grain boundary ﬂow rule. SinceMIen represents
a backstress, one may rewrite the microforce equilibrium relation
as:
for SIA:
G‘2enp;k þ ðY þ hprÞ‘2dis
_p
_p0
 m2
1 T
TY2
 n2  _p;k
_p
 !" #
nIk
þ ‘IenGðpIeÞ
aI
¼  ‘Idis½YI þ hIpIp 1
TI
TY
 !nI
_pIp
_pI0
 mI0@
1
A ð51Þ
for SIB:
G‘2enp;k þ ðY þ hprÞ‘2dis
_p
_p0
 m2
1 T
TY2
 n2  _p;k
_p
 !" #
nIk
 ‘IenGðpIeÞ
aI
¼ ‘Idis½YI þ hIpIp 1
TI
TY
 !nI
_pIp
_pI0
 mI0@
1
A ð52Þ
It should be noted that in a general case, the interfacial model
parameters are different on each side of the grain boundary unless
an average value based on the physical observations is considered
for simpliﬁcation.
Considering the above ﬂow rules as the boundary conditions of
Eq. (24), results in a yield condition accounting for the temperature
and rate dependent barrier-effect of grain boundaries on the plastic
slip and consequently the inﬂuence on the GNDs evolution in the
grain interior. According to this grain boundary model, when the
shear stress reaches a proper threshold, the grains slip along
the boundary is initiated; however when the normal component
of Qk with respect to grain boundary (i.e., density of the GNDs at
the grain boundary) reaches an assigned threshold the local plastic
slip is activated. Subsequently, in the initial stages of plastic defor-
mation the grain boundary acts as a barrier to plastic slip, while in
later stages the interface acts as a source or sink for dislocations.
This is explained later in a numerical example.
Moreover, following Section 2.5, one may theoretically derive a
relation for the temperature evolution at the grain boundary. How-
ever, such an expression might not be physically realistic since the
generated temperature at the grain boundary due to the slip trans-
fer is much smaller than the grain interior (due to the higher
amount of plastic work) and it will be balanced quickly with the
temperature of the grain at the vicinity of the boundary (even with
the adiabatic condition assumption). Therefore, assuming temper-
ature jump for the present theory would be awkward and cumber-some. However, developing a model for the interfacial (e.g., grain
boundary) thermal resistance would be beneﬁcial for a theory
allowing the heat conduction through the generalized heat
equation.4. Grain boundary resistance to slip transfer: Nanoindentation
test
The main purpose of this section is to provide a physical justiﬁ-
cation regarding the proposed grain boundary ﬂow rule by means
of the micro – scale experiments accounting for the interaction of a
grain boundary with the grain interior. The possibility of measur-
ing an intrinsic hardening contribution of the grain boundary, as
a result of the difﬁculty in plastic strain (i.e., macroscopic measure
of dislocation slip) transmission across the boundary, has recently
come under investigation with the widespread availability of the
nanoindentation technique. Such experiments could potentially of-
fer detailed information about the intrinsic mechanical properties
of individual grain boundaries. To this point, however, a thorough
understanding of the mechanical response is lacking. An attempt is
made here to provide the possible link between the proposed grain
boundary model parameters and the nanoindentation observations
conducted near the grain boundary. However, this issue requires
more theoretical and experimental studies.
It is known from prior indentation studies that a distinct pla-
teau (termed as strain burst) was observed for small indentation
depths (around 10 nm) in the load (F) – displacement (d) nanoin-
dentation plot. It is reasoned that such displacement burst is trig-
gered by the nucleation or multiplication of dislocations (i.e., initial
elasto-plastic behavior) and have been used to determine the
material yield stress and fracture of surface oxidation (e.g., Gerbe-
rich et al., 1999). Recent studies have shown that as the indenter
tip approached the grain boundary of a polycrystalline metal, a sec-
ond strain burst (in addition to the material yield) was detected in
the higher indentation depths (e.g., Soer and De Hosson, 2005;
Wang and Ngan, 2004; Britton et al., 2009). It is noted that the
hardness at the inception of these plateau increases as the distance
of the tip to the boundary decreases. Although there might be sev-
eral other potential sources of this phenomenon, it has been ar-
gued that this new type of size effect is mainly due to the slip of
grain boundary or dislocation transmission (Wang and Ngan,
2004; Soer and De Hosson, 2005; Aifantis and Ngan, 2007). Fig. 2
shows both strain bursts schematically termed grain burst and
grain boundary burst for the excursions indicating the initial elasto
– plastic behavior and the interfacial yielding respectively. Moti-
vated from the work of Aifantis and her co-workers (Aifantis and
Ngan, 2007;Aifantis et al., 2006;Soer et al., 2005), the disloca-
tion based mechanism along with the energy approach that
previously used to interpret the grain burst and extract the elas-
to-plastic material properties (see e.g., Gouldstone et al., 2000
and Giannakopoulos and Suresh, 1999 and the references herein)
are extended here to characterize the energetic and dissipative
nature of slip transfer resistance of the grain boundary and extract
the proposed model parameters.4.1. Grain boundary free energy
The loading response prior to the grain burst is well described
by purely elastic loading (Larsson et al., 1996) with correlating
the maximum shear stress under the indenter at the onset of strain
burst with the theoretical shear strength. Therefore the area under
the F  d curve before the grain burst (WeG in Fig. 2) accounts for
the total energy stored in the material prior to dislocation nucle-
ation. This can also be calculated by the dislocation mechanism
such as the summation of self and interaction dislocation energies
Fig. 2. A schematic nano-indentation response near the grain boundary. The solid
line represents the test far from the grain boundary (grain interior response) and
the dash line denotes the response when indentation is conduced near the grain
boundary (L < 1 lm).
Fig. 3. One-dimensional model for a single crystal bounded by two grain
boundaries.
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of loops punched out beneath the indenter can be approximately
found by dividing the burst length by the magnitude of the Burgers
vector).
As it was previously mentioned, the second burst in the F  d
curve is due to the presence of the grain boundary (line BC in
Fig. 2). Indenting next to an individual grain boundary introduces
dislocations under the indenter, which spreads from the indenter
through the material. The grain boundary resistance to slip transfer
could then act as a barrier to dislocation motion. In these circum-
stances, the F  d curve for the indentation shows a hardening ef-
fect (i.e., in the Hardness-displacement curve, this can be seen by
the local increase of hardness) due to the back stresses (i.e., repul-
sive forces between GNDs) from the dislocation pile-ups that form
as the dislocation motion is blocked at the grain boundary. Due to
ongoing indentation, stress concentration at the head of the pile-
up increases and eventually the shear stress on the slip system in
the next grain is sufﬁciently high to activate a dislocation source
near or on the grain boundary. Therefore, dislocations move away
quickly causing the observed strain burst. Initiation of the plastic-
ity in the adjacent grain results in a release of energy and relieves
the back stress that had been generated by the blocked dislocation
pile-up (Britton et al., 2009). This is seen as an increment in the
indentation penetration at near constant load or local softening
in the Hardness-displacement curve.
One may implement the same methodology mentioned for the
stored energy at the grain burst to the grain boundary burst. In this
regard, the area between the grain interior and grain boundary in
the F  d response prior to the strain burst (WeGB in Fig. 2) can be
viewed as the amount of the recoverable13 stored energy of the
grain boundary. This can also be found using the dislocation pile
up mechanism (Hirth and Lothe, 1982; Meyers and Chawla, 2009).
4.2. Grain boundary dissipation
Prior indentation test near the grain boundary (Soer and De
Hosson, 2005; Wang and Ngan, 2004; Britton et al., 2009) shows
that the occurrence of the burst is strongly related to the distance
between the indent and the grain boundary (i.e., L in Fig. 3) where
the required stress for strain burst (the force at point B in Fig. 2)
increases as the indenter tip to grain boundary distance decreases.
However, the pile-up shear stress at the boundary will not reach13 Since it is not possible to program a priori the unloading point exactly at the onset
of the strain burst, hence there are no experimental observations to prove the
recoverable nature of this energy. However, this can be interpreted as the vanishing of
the repulsive stress of pile up by removing the applied load.the critical stress value needed for slip transfer when indentation
is made too far from the boundary. Such a size dependency of
the grain boundary strength against slip transmission is inter-
preted as the Hall–Petch effect since as the grain size decreases,
the stress required for continuous plastic deformation increases.
The classical Hall–Petch relationship is traditionally described in
terms of a dislocation pile-up model causing stresses to activate
dislocation sources in the neighboring grains or grain boundaries
are regarded as dislocation barriers limiting the mean free path
of the dislocations, thereby increasing strain hardening (e.g., Lasal-
monie and Strudel, 1986 and Aifantis and Konstantinidis, 2009).
Therefore one can make the link between the Hall–Petch slope
and the variation of interfacial yield (B in Fig. 2) with the indenter
distance from the grain boundary (e.g., Wang and Ngan, 2004).
The post interfacial yield behavior of interface captured by the
load control experiments is presented by the length of the burst
at constant load in F  d curve (line BC in Fig. 2). This characterizes
the ease of slip transmission (i.e., relieving the back stress) through
the grain boundary and the area WpGB indicates the dissipated en-
ergy due to the change in the grain boundary area.
Following the aforementioned notion, a connection is made be-
tween the proposed gradient theory and the nanoindentation
observations in order to obtain the ﬁrst estimate of the key grain
boundary parameters. The more details regarding the accuracy of
such method will be presented in future by making use of the full
set of experimental data (i.e., to also determine the grain interior
parameters) along with comparing with a more accurate approach.
5. Numerical simulation
The predictions of the theory are presented in this section as a
parametric study. Particularly, the effects of various parameters on
the mechanical behavior of the aforementioned problem are inves-
tigated using the Finite Element analyses. Such numerical capabil-
ity is also used to calibrate model parameters against experimental
observation of size effect.
5.1. Weak formulation: boundary conditions
The proposed 1D gradient theory is used to investigate the size
dependent behavior in small-scale structures under macroscopi-
cally uniform uniaxial stress. In this regard, the numerical solution
is obtained for a single grain with size of L bounded by two grain
boundaries with identical properties as shown in Fig. 3. The grain
is assumed to be initially homogeneous and inﬁnitely long in the
directions perpendicular to x, and therefore, the solution depends
only on x.
In order to have a uniform stress in this example (i.e., spatially
constant r through the grain), one may use either prescribed trac-
tions (i.e., rjx¼0 ¼ rjx¼L ¼ t–) or prescribed displacements (i.e.,
ujx¼0 ¼ 0 and ujx¼L ¼ u–) as the macroscopic boundary conditions.
Therefore, for the example described in Fig. 3, by assuming the
prescribed displacement boundary condition, one may summarize
the two governing partial differential equations (PDE) such as:
14 The unloading (i.e. reverse straining) is only applied for the stress-strain curves
and the other results are extracted at the end of loading.
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r;x ¼ 0
u ¼ 0 at x ¼ 0
u ¼ u– at x ¼ L
8><
>: ð53Þ
Microscopic PDE + BCs:
s ¼ RQ;x
MI  Q ¼ 0 at x ¼ 0
MI  Q ¼ 0 at x ¼ L
8><
>: ð54Þ
The macroscopic and microscopic PDEs may be expressed in a
global weak form after applying the corresponding boundary con-
ditions such as:Z L
0
½rðdu;xÞdx ¼ 0 ð55Þ
Z h
0
½ðR  sÞdep þQdep;xdxþMIdep

x¼L MIdep

x¼0 ¼ 0 ð56Þ
Therefore, the macroforce and microforce balances are satisﬁed
if and only if the weak balances (Eqs. (55) and (56)) are satisﬁed for
all arbitrary and kinematically admissible weighting functions, du
and dep (i.e., dujx¼L ¼ dujx¼0 ¼ 0).
5.2. Finite Element Solution
The numerical solution of the weak form of the macroforce and
microforce balances (Eqs. (55) and (56)), are obtained through an
incremental ﬁnite element procedure. The displacement ﬁeld, u,
and the plastic strain ﬁeld, ep, were independently discretized. Par-
ticularly, user-element subroutine (UEL) is developed to be used by
the commercial ﬁnite element package ABAQUS/Standard (2008),
using adiscretization that employs theplastic strain as an additional
nodal degree of freedom (DOF) besides the displacement. Therefore
one can calculate the strain and plastic strain gradient as follows:
uðxÞ ¼ NiUi; eðxÞ ¼ Ni;xUi where i 2 ½1;nu ð57Þ
epðxÞ ¼MiEpi ; ep;xðxÞ ¼Mi;xEpi where i 2 ½1;nu ð58Þ
where NiðxÞ andMiðxÞ are shape functions, and Ui and Epi are nodal
values at node i for displacements and plastic strains, respectively.
Moreover, the number of nodes used for the displacement and plas-
tic strain ﬁelds are nu and np correspondingly.
Assuming the same functional form presented in Eqs. (57) and
(58) for the kinematically admissible weighting functions and
substituting into Eqs. (55) and (56), one can acquire the nodal
residuals corresponding to the displacement and plastic strain for
each ﬁnite element EL, as follows:
0 ¼ ðruÞi ¼
Z
EL
rNi;xdx ð59Þ
0 ¼ ðrep Þi ¼
Z
EL
½ðR  sÞMi þQMi;xdxþMIMi ð60Þ
where the term calMIMi is only applied for the nodes on the grain
boundary (i.e., in this example x ¼ 0 and x ¼ L).
ABAQUS (2008) solves the overall system of equations, ðruÞi ¼ 0
and ðrep Þi ¼ 0, using the Newton–Raphson iterative procedure. By
assuming the Uv and Epv are the nodal displacement and plastic
strain respectively in iteration v at time step nþ 1, the increment
in nodal variables (dUi ¼ ðUvþ1Þi  ðUv Þi and dEpi ¼ ðEpvþ1Þi  ðEpv Þi)
in the Newton iterative procedure is obtained by solving the fol-
lowing algebraic system of equations:
Keuu K
e
uep
Keepu K
e
epep
" #
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Ke
dUi
dEpi
 
¼
ðrujUv ;Epv Þi
ðrep jUv ;Epv Þi
( )
ð61Þwhere, Ke is the Jacobian matrix which is required to be deﬁned in
the UEL for each element such as:
Keuu ¼ 
@ru
@Ui

Uv
; Keuep ¼ 
@ru
@Epi

Epv
ð62Þ
Keepu ¼ 
@rep
@Ui

Uv
; Keepep ¼ 
@rep
@Epi

Epv
ð63Þ
Granting the functional form of the stresses along with making
use of the discretization for displacements and plastic strains at the
end of each time step, one can obtain the explicit form of the Jaco-
bian matrix as follows:
Keuu ¼ 
Z
EL
ENi;xNi;xdx ð64Þ
Keuep ¼
Z
EL
EMiNi;xdx ð65Þ
Keepu ¼
Z
EL
ENi;xMidx ð66Þ
Keepep ¼
Z
EL
Eþ rhðepÞr þ Yð _pÞ
m1
Dtð _p0Þm
 ! !
1 T
TY
 n " #
MiMi
(
þ aG‘aþ1en þ
Y‘2disð _pÞ
m1
Dtð _p0Þm
1 T
TY
 n  !
Mi;xMi;x
)
dx
 aIG‘Ien þ
‘IdisY
I
ðDt _pI0Þm
I 1
TI
TIY
 !nI
ðepIÞm
I1
2
4
3
5MiMi ð67Þ
where the interfacial term of Keepep (i.e., the term out of
R
Bf. . .gdx), is
only applied for the nodes on the grain boundaries (i.e., in this
example x ¼ 0 and x ¼ L).
5.3. Numerical results
In order to emphasize the inﬂuence of the grain and grain
boundary on the size effect, two set of results are presented here.
For the ﬁrst set, the micro-clamped boundary is assumed for the
grain boundary by imposing the no plastic strain at both ends of
the model. In the second set, the mechanical response is explored
by inducing the proposed grain boundary ﬂow rule.
5.3.1. Micro-clamped boundary
The numerical results reported in this section were obtained
using the following values for the material parameters (unless it
is stated otherwise):
E ¼ 100 GPa; Y ¼ 100 MPa; h ¼ 500 MPa; _p0 ¼ 0:04 s1;
r ¼ 0:2; m ¼ 0:07;
TY ¼ 1000 K; T0 ¼ 296 K; n ¼ 0:6; a ¼ 1; q ¼ 8:6 g cm3;
ce ¼ 0:26 J=g K;
Variations in the macroscopic stress–strain curves14 and proﬁles
of the plastic strain and temperature across the grain are studied for
various values of energetic and dissipative length scales normalized
by the grain size (i.e., ‘en=L and ‘dis=L), together with the effects of
other parameters such as backstress power, a, and initial tempera-
ture, T0.
5.3.1.1. Dissipative-gradient strengthening. The inﬂuence of the dis-
sipative size effect, separated from the effect of energetic length,
Fig. 4. Size effect due to the dissipative length scale when the energetic backstress vanishes (i.e., ‘en ! 0): (a) plastic strain distribution across the grain; (b) stress–strain; (c)
temperature distribution across the grain; (d) evolution of temperature with plastic strain at the midpoint of the grain.
5 This agrees with the experimental observations of Xiang and Vlassak (2005) for
e passivated thin ﬁlm.
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‘dis=L and setting ‘en=L ¼ 0: The numerical results for this case are
presented in Fig. 4. Fig. 4 (a) shows the plastic strain distribution
through the grain size at a macroscopic applied uniaxial strain of
0.2%. This ﬁgure indicates that when both length scales vanish
the plastic strain is uniform in the grain corresponding to the clas-
sical theory. However, a non-monotonic behavior is observed as
‘dis=L increases. For small values of the dissipative length scale
(i.e., 0 < ‘dis=L < 0:1 here), a small thickness boundary layer with
sharp plastic strain gradient forms at the vicinity of the boundaries
(x=L ¼ 0:1). The plastic strain proﬁle becomes quadratic and the
boundary layer thickens with increasing the ‘dis=L up to 2. The pro-
ﬁle gets ﬂatter in the middle of the grain as the dissipative length
scale increases (i.e., 2 < ‘dis=L < 10 here). The non-monotonic
behavior of the plastic strain with the dissipative length scale is
clariﬁed by plotting the maximum value of ep at the midpoint of
the grain for different values of ‘dis=L in Fig. 4 (a). The observed
non-monotonic behavior in the results agrees with the computa-
tions of Bittencourt et al. (2003), Fleck and Hutchinson (2001),
Bardella (2006), and Anand et al. (2005) for the 1D problem of a
thin ﬁlm under pure shear in the absence of the energetic back-
stress.
The sharp strain gradient observed in the plastic strain proﬁle,
has a pronounced effect on the temperature proﬁle through the
medium thickness. According to Eq. (29), the rate of temperature
rise in the grain is affected by both the strain and strain gradient.
As it is clearly shown in Fig. 4 (c), the temperature proﬁle at the
middle of the grain is mainly affected by the plastic strain, whileat the boundary layers, the high amount of strain gradient in-
creases the temperature at the vicinity of the boundaries. The tem-
perature rise in the midpoint of the grain and grain boundary
during the course of plastic deformation is also shown in Fig. 4
(d). One can realize from this ﬁgure that higher temperature is gen-
erated at the grain boundary for higher values of the dissipative
length scale (i.e., smaller grain size) in the adiabatic condition,
while at the midpoint it is almost independent of the size.
The stress–strain size effect due to variation of ‘dis=L is shown in
Fig. 4 (b). The results clearly display that the dissipative length
scale affects the yield stress while the (isotropic) hardening is
the same in all the curves.
5.3.1.2. Energetic-gradient hardening:. It is now assumed that the
dissipative-gradient term vanishes by imposing the ‘dis=L ¼ 0. The
numerical results for this case and various energetic length scales
and backstress power are shown in Fig. 5. It is clearly shown in the
ﬁgure that the plastic strain proﬁle forms a sharp boundary layer
for small values of the ‘en=L, and the variation becomes quadratic
as energetic length scale increases. The stress–strain results show
signiﬁcant hysteresis behavior and reverse plastic ﬂow occurs even
when the stress in the grain interior is still tensile.15 The observed
Buschinger effect is due to the increase in backstress originated from
the elastic interaction between dislocations at the higher values of1
th
Fig. 5. Size effect due to the energetic length scale when the dissipative strengthening vanishes (i.e., ‘dis ! 0): (a) plastic strain distribution across the grain; (b) stress–strain.
G.Z. Voyiadjis et al. / International Journal of Solids and Structures 51 (2014) 1872–1889 1883energetic length scales.
In the absence of the dissipative length scale, the only mecha-
nism for the heat generation in the grain is the amount of plastic
strain in the medium (as in classical plasticity theories). Therefore,
the temperature distribution in the grain is identical to the plastic
strain proﬁle where no temperature rise is observed at the grain
boundary while the temperature is maximum at the midpoint of
the medium. Moreover, the temperature increases monotonically
with plastic strain during the deformation. Moreover, the effect
of nonlinear backstress through the power parameter a on the
stress–strain curve suggest that decreasing the value of a leads to
a higher Buschinger response, since the defect stress in these sim-
ulations is always lower than the G‘en in the power-law proposed
for the defect energy, we=s.16 The thermal softening will be more pronounced in the absence of the energetic
length scale. However, a large value of the backstress is considered here in order to
investigate the capability of the model to address the effect of temperature rise on
overcoming the kinematic hardening mechanisms.
17 r ¼ 1 is considered for the results presented in this section.
18 In order to emphasize the variation, for the results of the stress-strain curves
extracted by assuming Y ¼ YI ¼ 20ðMPaÞ and 0.03% applied stress.5.3.1.3. Combined dissipative strengthening and energetic harden-
ing:. The combined effect of energetic-gradient hardening and dis-
sipative-gradient strengthening is explored by non-vanishing
values of energetic and dissipative length scales (i.e., ‘en ¼ 0:1
and ‘dis ¼ 1). The inﬂuence of the parameters applying strain rate
and temperature dependency of the ﬂow rule on the stress–strain
response and temperature evolution are presented in Fig. 6 and
Fig. 7. It is clearly shown in these ﬁgures that by decreasing the
temperature dependent function, both yield and hardening de-
creases. However, the effect is more pronounced in the yield stress,
since the temperature affects the strain hardening mechanism
through the dislocation forest barriers while the backstress (i.e.,
energetic-gradient hardening) is almost independent of tempera-
ture. Also, increasing the strain rate power gives rise to the ﬂow
stress. However, as it is shown in Fig. 6 (b), higher values of m in-
crease the temperature rise in the medium and decrease the rate of
strain hardening, which leads to thermal softening atm ¼ 0:3 (high
strain rate effect). Fig. 7 (a) and (b), present the effect of initial tem-
perature on the stress–strain response along with the temperature
evolution during the plastic deformation under 4000 s1 of strain
rate. This ﬁgure clearly shows that the rate of temperature rise is
higher for the lower initial temperature which leads to the thermal
softening at T0 ¼ 77K . The stress–strain variation at T0 ¼ 77K and
at 2000 s1 strain rate is also shown in Fig. 7 (a) which does not re-
sult in strain softening. This indicates that, the softening effects
associated with high strain rate inelastic deformations and rate
of thermal softening of metals is related to the rate of deformation.
This is in agreement with the experimental and theoretical work of
Nemat-Nasser and Guo (2000a, 2000b) in the context of local plas-
ticity. The numerical results indicate that the proposed model,
using the dislocation mechanism and thermal activation principle,is able to capture the thermal softening in micro-scale metals due
to the adiabatic deformation from which the temperature evolves
inside the material with the accumulation of the plastic work16.
This is essential for the modeling and analysis of numerous pro-
cesses including localization due to high-speed machining, impact,
penetration and shear localization.
5.3.2. Grain boundary ﬂow rule
The assumption of micro-clamped boundary is used in the re-
sults presented previously. In this section the governing differen-
tial equation is solved by imposing the proposed grain boundary
ﬂow rule at the boundaries to account for the deformable interface.
The numerical results reported in this section were obtained
using the following values for the interfacial parameters (unless
it is stated otherwise)17:
YI ¼ 100 MPa; _pI0 ¼ 0:04 s1; mI ¼ 1; nI ¼ 0:4; aI ¼ 1;
TIY ¼ 700 K
Variations in the macroscopic stress–strain curves18 and proﬁles
of the plastic strain and temperature across the grain are studied for
various values of energetic and dissipative interfacial length scales
normalized by the grain size (i.e., ‘Ien=L and ‘
I
dis=L).
5.3.2.1. Grain boundary energy. First it is assumed that the all plas-
tic work at the grain boundary is stored as surface energy which
depends on the plastic strain state at the surface. Therefore the
interfacial dissipation vanishes (‘Idis ¼ 0). In this case calculations
are performed for compliant and stiff interfaces characterized by
‘Ien=‘en ¼ 0:1 and ‘Ien=‘en ¼ 10 respectively where ‘Ien=‘en reﬂects
the grain boundary resistance to plastic deformation.
Fig. 8 (a) indicate the size effect due to the interfacial energetic
length scale which gives rise to the hardening and it is more pro-
nounced in the more strongly constrained material (i.e.,
‘Ien=‘en ¼ 10). The obtained results are similar to the calculations
of Fredriksson and Gudmundson (2005b, 2007b) and Abu Al-Rub
(2008). However, the reversal loading in the current results
indicate that this is due to increase in kinematic hardening which
results in the Bauschinger effect. The mechanism for this phenom-
Fig. 6. Effect of temperature and strain rate power (n andm) on: (a) evolution of temperature with plastic strain at the midpoint of the grain; (b) stress–strain responses. (For
both cases ‘en=L ¼ 0:1 and ‘dis=L ¼ 1).
Fig. 7. Effect of initial temperature (T0) on (a) stress–strain responses; (b) evolution of temperature with plastic strain at the midpoint of the grain [ ‘en=L ¼ 0:1, ‘dis=L ¼ 1,
m ¼ 0:2 and strain rate of 4000 s1 is considered for all curves].
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plastic ﬂow leading to the dislocation accumulation and pile-up
against a grain boundary which gives rise to the backstress.
Moreover, the increase in plastic strain at the grain boundary
for smaller grain sizes can be seen in the plastic strain proﬁle
through the grain as shown in Fig. 8 (b). This ﬁgure further indi-
cates the boundary layer development due to the constrain applied
on the plastic strain. Since in the case of higher surface energy (i.e.,
hard interface), lower plastic deformation is allowed at the grain
boundary, a sharp strain gradient is observed in the plastic strain
proﬁle in Fig. 8 (b). Due to the absence of energy dissipation, the
proﬁle of the temperature through the grain is identical to the plas-
tic strain variation since; in this case, the only mechanism of heat
generation is the plastic strain. In this regard, more heat develops
in the case of the stiff grain boundary, due to the higher plastic
strain development.
5.3.2.2. Grain boundary dissipation:. Fig. 9 shows the results of the
calculations by assuming that the work performed at the grain
boundary is dissipated in the absence of surface energy. In this case
the results of the analyses are shown for compliant
(‘Idis=‘dis ¼ 0:01Þ, intermediate (‘Idis=‘dis ¼ 0:2Þ and stiff interface
(‘Idis=‘dis ¼ 1:5Þ, where the ratio of ‘Idis=‘dis reﬂects the grain bound-
ary resistance to slip transfer.
As seen in Fig. 9 (a), the yield strength increases with the dissi-
pative interfacial length scale (i.e., decrease in the grain size)where the observed size effect is much larger for the stiff interface.
In Fig. 9 (b), the plastic strain proﬁles through the grain thickness
shows that for small values of interfacial dissipative length scale,
the plastic strain proﬁle begins to develop boundary layer with
sharp plastic strain near the grain boundary. In this case, the plastic
strain increases at the grain boundary with the grain size decrease.
However, for larger values of the normalized dissipative length
scale (i.e., ‘dis=L > 1:0 here), plastic strain distribution decreases
which in turn results in a higher ﬂow stress in smaller grain sizes.
Same as in Fig. 8, assuming compliant interface results in higher
plastic strains at the grain boundary and lower plastic strains at
the grain interior than the intermediate interface. This gives rise
to more pronounced strain gradients for the material with stiffer
interface due to the plastic deformation difference between the
grain interior and the grain boundary. The behavior of the temper-
ature proﬁle is identical to the plastic strain in the problem using
the compliant interface, since the temperature rise due to the plas-
tic strain gradient is negligible compared to the heat generated
from the plastic strain. However, the temperature created by the
gradient of the plastic strain is dominant for the intermediate
interface. For larger grain sizes, the amount of temperature at the
grain interior is higher than the grain boundaries. For ‘dis=L > 1:0,
the plastic strain at the vicinity of the grain boundaries (i.e.,
x=L ¼ 0 and 1) jumps to the higher value than in the grain interior.
Therefore, the amount of interfacial dissipative length scale has a
Fig. 8. Size effect due to the energetic interfacial length scale when energy dissipation vanishes (i.e., ‘Idis; ‘dis ! 0): (a) stress–strain in stiff interface (‘Ien=‘en ¼ 10); (b) plastic
strain distribution across the grain in compliant interface (‘Ien=‘en ¼ 0:1).
Fig. 9. Size effect due to the energetic interfacial length scale when energy storage vanishes (i.e., ‘Ien; ‘en ! 0): (a) stress–strain for stiff interface (‘Idis=‘dis ¼ 1:5Þ; (b) plastic
strain distribution across the grain for compliant (‘Idis=‘dis ¼ 0:01Þ; [(c) and (d)] temperature distribution across the grain for compliant (‘Idis=‘dis ¼ 0:01Þ and intermediate
(‘Idis=‘dis ¼ 0:2Þ.
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boundary weakening at high temperatures.
5.3.2.3. Combined surface energy and dissipation:. The combined ef-
fect of surface energetic and dissipation is explored here by non-
vanishing values of the energetic and dissipative interfacial length
scales. The plastic strain proﬁle and variation of stress with applied
strain for different grain sizes are shown in Fig. 10(a) and (b). It is
clearly shown in this ﬁgure that the boundary layer decreaseswhen the grain size increases. However, the plastic strain at the
grain boundary shows a non-monotonic behavior such that for
small grain size, plastic strain increases with the size of the med-
ium while for larger grain size a decrease in the interfacial plastic
strain is observed. The stress–strain responses for this shows two
yield points as it is shown in Fig. 10(b) (the second yield point is
shown by  in the ﬁgure). The ﬁrst yield point corresponds to
the grain interior yielding while the second one accounts for the
grain boundary yield. While the interface remains impermeable
Fig. 10. Grain size effect in case of non-vanishing energetic and dissipative interfacial length scales: (a) plastic strain distribution across the grain; (b) stress–strain behavior.
Fig. 11. Effect of initial temperature T0 on: (a) plastic strain distribution across the grain; (b) stress–strain responses [‘en=L ¼ ‘Ien=L ¼ 0:1, ‘dis=L ¼ ‘Idis=L ¼ 1, nI ¼ 0:1].
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physical mechanisms such as the grain interior hardening (due to
Ren and Qenk ) and the grain boundary back stress (due to MIen).
After the applied stress reaches a critical value, it causes yielding
of the interface and allowing dislocations to penetrate it (interfa-
cial yield at point b). The material response after this point is the
grain interior hardening in the absence of interfacial hardening.
It is known that the grain boundaries in polycrystalline materi-
als act as strong obstacle to dislocation motion at low temperature,
while, at high temperatures, the grain boundaries function as sites
of weakness leading to plastic ﬂow or opening up voids along the
boundaries (Meyers and Chawla, 2009). The evidence of this phe-
nomenon has been observed in decreasing Hall–Petch coefﬁcient
with increasing temperature, which renders polycrystals softer
(e.g., see Estrin et al., 2008). This variation in the Hall– Petch con-
stant with temperature is due to the acceleration of grain boundary
diffusion, which increases the dynamic recovery by dislocation
absorption at grain boundaries and helps to maintain the conven-
tional plastic deformation in the grain interior. This phenomenon is
shown qualitatively in Fig. 11 for the plastic strain distribution and
stress–strain responses in various initial temperatures. It is clearly
shown in this ﬁgure that at elevated temperature T0 ¼ 800 K the
plastic strain at the interface becomes higher than the grain inte-
rior. It should be noted that the main mechanism for the aforemen-
tioned weakening at high temperature is the grain boundary
sliding. This has been captured by Ahmed and Hartmaier (2011)using the discrete dislocation simulation of a polycrystalline metal.
Their results show that the Hall–Petch constant of material de-
creases with increasing temperature and at high temperatures,
the Hall–Petch constant becomes negative and the material exhib-
its grain boundary softening rather than grain boundary strength-
ening. Although, the comprehensive investigation on Hall– Petch
effect, require a model which accounts for grain boundary sliding
along with 2D ﬁnite element implementation, the calculations pre-
sented in Fig. 11 conﬁrm the ﬂexibility of the framework in captur-
ing the polycrystalline behavior at various temperatures.
5.4. Comparisons with Experiments:
The material parameters of the proposed gradient plasticity are
calibrated in this section by comparing the theoretical results with
the observed material behavior from microscale experiments. Two
different experiments on thin metal ﬁlm are considered here: size
effect in the Aluminum thin ﬁlm under uniaxial tension (Haque
and Saif, 2003) and mechanical behavior of the Nickel thin ﬁlm
at elevated temperatures (Han et al., 2008).
5.4.1. Uniaxial tensile test on Al thin ﬁlms: size effect
Haque and Saif, 2003) used MEMS (Microelectromechanical)-
based testing techniques to investigate the effect of specimen size
on the mechanical behavior of the Al freestanding thin ﬁlms with
various thicknesses. The 10 lm wide, 275 lm long, 99:99% pure
Fig. 12. Model predictions and experimental measurements of (a) the ﬁlm thickness effect on the stress–strain curves of sputter deposited Al ﬁlms [Experimental data taken
from Haque and Saif (2003)]; (b) the temperature effect on the stress–strain curves of sputter deposited Ni ﬁlms [Experimental data taken from Han et al. (2008)].
Table 1
Parameters for the proposed strain gradient thermo-visco-plasticity constitutive model for the Al thin ﬁlms under uniaxial loading and micro-tensile test on Ni thin ﬁlm.
Calibrated model parameters General parameters
Ni Al Ni Al Ni Al
Y (MPa) 1150 700 n 0.3 0.3 E (GPa) 115 70
h (MPa) 3500 1700 TY (K) 890 933 G (GPa) 44.23 27
‘en ðlmÞ 16 10 m 0.08 0.05 q (g cm3) 8.9 2.7
‘dis ðlmÞ 16 80 _p0ðs1Þ 0.07 0.04 ce (J/g K) 0.54 0.91
r 0.7 0.2 a 0.8 1
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ing specimens. The uniaxial tension tests are performed on the thin
ﬁlms with 100, 150, 200, and 485 nm thicknesses with average
grain size of 50, 65, 80, and 212 nm respectively. The stress and
strain resolutions for the tensile experiments are 5 MPa and 0.03%.
The comparison between the observed experimental results
with the proposed model is shown in Fig. 12 and the calibrated
material parameters19 are presented in Table 1. This ﬁgure shows
the good agreement between the measured and calculated results.
Moreover, the small size dependent hardening observed in the
experimental results, leads to small energetic length scale.5.4.2. Micro-tensile test on Ni thin ﬁlms: temperature effect
The mechanical behavior of thin metallic ﬁlms at elevated tem-
peratures become important in their application in the intercon-
nect devices. Han et al. (2008) developed a micro tensile testing
system that consists of the high temperature furnace to evaluate
the mechanical properties of the thin ﬁlms at elevated tempera-
tures. In their study, the test is conducted on 2 mm width and
16 lm thick Ni thin ﬁlm made by electroplating at room and ele-
vated temperatures. The results of micro tensile test at four differ-
ent temperatures along with the analyses results are shown in
Fig. 12 and in Table 1. This ﬁgure clearly shows that both Young’s
modulus and Bauschinger effect are independent of the specimen
temperature in both measurements and analyses while the tensile
strength decreases when temperature increases. A good agreement
is also observed between the numerical calculations using the gra-
dient framework and the experimental data. It should be noted
that, the other gradient formulations are not able to capture such19 It should be noted that since the experiments are conducted under the low strain
rate, the isothermal condition is preserved for the obtained results. Therefore, for
simplicity, the effect of the gradient independent stored energy of cold work is no
incorporated and the parameter TY are assumed to be the Al melting temperature.ta variation in mechanical response with temperature.6. Conclusions
In this work, a comprehensive thermodynamic-based higher or-
der strain gradient plasticity framework is presented allowing for
the thermal variation. Special attention is given to physical and
micromechanical nature of the dislocation interactions in combi-
nation with thermal activation on the stored and dissipated energy
in the small volume metals. In this regard, the thermodynamic free
energy and rate of dissipation potentials are postulated as the pri-
mary functions and taken into account to derive the conjugate
stresses. This imposes the decomposition of the thermodynamic
conjugate forces into energetic and dissipative counterparts lead-
ing to the governing equations having both energetic and dissipa-
tive gradient phenomenological length scales to preserve the
dimensional consistency. A methodical method based on the max-
imum entropy production is considered to derive the energetic and
dissipative forces directly from the Helmholtz free energy and the
rate of energy dissipation respectively. It is further shown that the
mechanical features observed in the small scale metallic com-
pounds (e.g., size and temperature effect on isotropic hardening,
backstress, and yield strength) naturally arise from the free energy
potential and rate of dissipation along with the physical justiﬁca-
tion by means of dislocation and thermal activation mechanisms.
In addition to the constitutive model for the bulk (i.e., grain
interior), a temperature and rate dependent grain boundary ﬂow
rule is also proposed to address the intermediate microscopic
boundary conditions – as opposed to micro-clamped and micro-
free conditions – which are supplemented by the gradient ap-
proach. This model accounts for the energy storage at the grain
boundary (i.e., interface) due to the dislocation pile up caused by
presence of surface energy as well as energy dissipation once the
1888 G.Z. Voyiadjis et al. / International Journal of Solids and Structures 51 (2014) 1872–1889dislocation transfer through the grain boundary as a result of both
resistance force and change in interfacial area.
The resultant interfacial ﬂow rule constitutes for the tempera-
ture and rate dependent barrier-effect of grain boundaries on the
plastic slip and consequently the inﬂuence on the GNDs evolution
in the grain interior. According to this grain boundary model, the
interface acts as a barrier to plastic slip in the initial stages of plas-
tic deformation, whereas in later stages the grain boundary acts as
a source or sink for dislocations. The physical justiﬁcation of such a
behavior is presented by the experimental observation of nanoin-
dentation near the grain boundary.
Using the one-dimensional numerical implementation of this
framework, an extensive study is conducted on the major charac-
teristics of the proposed theories for the bulk and interface. The
presented numerical results show that the proposed formulation
exhibits the following important physical phenomena: (i) inter-
nal-variable hardening associated with plastic strain leads to iso-
tropic hardening and energetic-gradient hardening which results
in backstress and kinematic hardening; (ii) size independent yield
strength and dissipative strengthening associated with plastic
strain gradient rate; (iii) size effect due to the energetic and dissi-
pative length scale on the boundary layer formation; (iv) size
dependent temperature behavior such as temperature proﬁle
through the thickness and temperature evolution accounting for
the thermal softening and grain boundary weakening at elevated
temperatures; (v) the effect of coupling the energetic and dissipa-
tive interfacial formulation on yielding and strain hardening of the
materials along with the effect of the soft and stiff boundary
conditions.
From the above considerations along with the good agreement
between the model predictions and the existing micro-scale exper-
iments, one can conclude that the proposed gradient framework is
able to capture the main features in small scale metallic com-
pounds and can be used in practical applications.Acknowledgements
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